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1. INTRODUCTION 
1.1. ONE of the most striking results in algebraic geometry in recent years was the global 
Torelli theorem for K3 surfaces. A K3 surface S is by definition a nonsingular complex 
compact analytic variety of dimension 2 whose first Betti number and first Chern class are 
both zero. When S is projective, there is a hyperplane section class L in the second 
cohomology H2(S, Z) of S such that the evaluation of the square L2 of this class against he 
fundamental cycle [SJ is always a positive even integer, known as the degree of the surface S. 
Since the work of Grothendieck and Mumford (see [6], [14]) it had been known for some 
time that K3 surfaces of a given degree d form a coarse moduli space K,. In 1971, Piatetski- 
Shapiro and Shafarevich proved that the periods of K3 surfaces give rise to an injection of 
this moduli space K, into an arithmetic quotient space D/T,, where D is the bounded 
hermitian domain associated to SO(2, 19; [w) and F,, is an arithmetic subgroup in 
SO(2, 19; [w) (see [17]). Subsequent work by Kulikov and many others refined this theorem 
in various ways (see [2], [4], [I 11, [20], [21]). In particular, it was proven that the period 
map is an isomorphism K, z D/T, and hence there is a link between the theory of K3 
surfaces and arithmetic subgroups Fd of SO(2, 19; @--analogous to the classical situation 
of the moduli space of elliptic curves and SL(2; Iw). 
1.2. In the case of low degrees, d = 2, 4, 6, 8, these K3 surfaces can be constructed 
respectively from double coverings of P, branched at some sextic curves, quartics in P,, 
intersections of quadrics and cubits in P,, and intersections of three quadrics in P, (see 
[ 181). From the viewpoint of geometric invariant theory, each of these constructions leads 
to an explicit description of the corresponding moduli space. This inspires us to apply 
modern techniques of algebraic geometry to these spaces for the purpose of gaining 
information on the cohomology of the corresponding arithmetic groups rd. 
The aim of the present paper and its sequel is to investigate the cohomology of the 
moduli space of K3 surfaces of degree 2 and its various compactifications. One reason for 
choosing degree 2 is that the moduli space K, is particularly simple: a Zariski open set in a 
projective variety obtained from first taking the quotient space X//SL,(@) of the projective 
space X of degree 6 homogeneous polynomials over IFP, under the natural action of SL,(C) 
and then taking a suitable blowing up operation on X//SL,(C). Another reason is that there 
is a rich literature on this subject (see for example [7], [19]). Especially in the work of 
Horikawa and Shah, we find a compactification R, of the moduli space K,. This Shah 
t The second author is partially supported by NSF grant DMS-8401578. 
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compactification K, (or Horikawa-Shah compactificationt) is different from the 
Baily-Bore1 compactification of the arithmetic quotient space D/T,; nonetheless it is 
important from the viewpoint of algebraic geometry because it represents a complete 
moduli space of K3 surfaces allowing insignificant limit singularities (see p. 487 of [19]). 
One of the main results in the present paper is the following: 
THEOREM. The Betti numbers qf the intersection homoloyg qf Shah’s compactiJication K, 
are given by the coejficients in the following PoincarP polynomial: 
1 + 2tZ + 3t4 + 5t6 +6ts + 8t” + lot’* + 12t14 + 13r16 + 15~‘~ 
+ 15tZo + 13t2* + 12t24 + 10t26 + 8t28 + 6t30 + 5t3* + 3r34 + 2t36 + t3’. 
1.3. The proof of the above theorem relies heavily on techniques and methods devel- 
oped by the first author in [8], [9], [lo]. It is especially worthwhile to point out that the 
Shah compactification R, contains complicated singularities and essential to our approach 
is a partial desingularization of R, given by blowing up along singular orbits. Following the 
recipe in [9], we give an explicit description of such a variety _?//SL,(@) which dominates 
the Baily-Bore1 compactification of D/r, and contains only finite quotient singularities. 
Since it can be compared with the toroidal compactification of Mumford (see Cl]), this 
partial desingularization is interesting in its own right. A by-product of our approach is a 
computation of the rational homology of this space z//SL,(@). 
THEOREM. The PoincarP polynomial of the partial desingularkation of X//SL,(@) is 
equal to 
1 + St2 + 1 lt4 + 18t6 + 25t* + 32t’O + 40r12 +48t14 + 55t16 + 60t18 
+ 60t*’ + 55r** + 48t24 + 40t26 + 32t28 + 25t30 + 18t3* + 1 lt34 + 5t36 + t3*. 
In part II, these computations will be used to obtain the Betti numbers of D/T, and the 
intersection Betti numbers of the Baily-Bore1 compactification. 
1.4. Starting in Section 2, we study the linear action of SL,(C) on the projective space X, 
and the subspace of semistable points X ” in X Using an explicit description of the induced . 
stratification on X, we determine the equivariant Poincark series of Xss. In Section 3, we 
describe the four steps in constructing the partial desingularization 2//SL,(@) of 
X,!/SL3(@). In the next two sections, we investigate the effect on the equivariant Poincart 
series after each stage of desingularization. At the end of Section 5, we prove Theorem 1.3. 
In Section 6, we give a brief outline of the approach in [lo] on the intersection homology of 
a geometric quotient space, and at the end of the section we complete the proof of 
Theorem 1.2. 
2. EQUIVARIANT POINCARB SERIES 
2.1. Let H”(P2, o(6)) denote the vector space of homogeneous polynomials 
c II-’ a. .x’~j-’ - i -j of degree 6 in 3 variables x, y, z, and let X denote the projective space 
OSi.jS6 
associated to this vector space, X z P,,. Since the special linear group G = SL,(@) 
t The compactilication first appeared in the work of Horikawa [7], and a construction based on geometric 
invariant theory was given by Shah in [19]. Nowadays, this is known as the Shah compactilication in the literature. 
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operates on the 3-dimensional vector space @x @ @JJ @ @z in a natural manner, there is an 
induced action on H’(P,, c(6)) and a corresponding action on X. The equivariant cohom- 
ology HE(X) of X can be computed by a degenerate spectral sequence, and its Poincart 
series is given by the formula: 
P:(X) = P,(X). P,(BG) = (1 + r2 + . . + t5”)/( 1 - t4)( 1 - P) 
=(I-P)/(l -P)(l -t”)(l -P). 
(cf. [8], Prop. 5.8). The object of this section is to study the Poincare series Pf(Xss) of the 
subspace Xss of semistable points in X. 
From the results in [S], there is a stratification {S,, a~%?} such that Xss is the highest 
stratum indexed by the element 0 of .4? and X - Xss = u {S,, 0 # PE&~. This strati- 
fication is perfect in the sense of Atiyah-Bott, and so the equivariant Poincare series 
Pf(Xss) of Xss can be obtained from P:(X) by subtracting off the contribution PF(S,) of 
each unstable stratum S,, i.e. 
P,G(XSS) = P,G(X) - 1 podim%p~(&). 
OfbEd 
In our case, this indexing set .4? can be visualized by means of a triangle, known as the 
“Hilbert triangle”: 
(1) 
(0.6) (1.5) (2,4) 63) (4,2) (%1) (6. ‘3) 
There are 28 nodes in this equilateral triangle, and each of these nodes labelled by (i,j), 
0 5 i I 5, 0 ~j < 6, represents a monomial ~~yjz~-~-j in H’(P,, O(6)). 
From another viewpoint, this triangle is simply the diagram of weights of the represen- 
tation (G, H’(P,, C”(6))) with respect to the standard maximal torus Tin S&(C). Each of the 
nodes denotes a weight of this representation. 
There is a nondegenerate inner product (the Killing form) defined on the Cartan 
subalgebra T = Lie(Tn SCI(3)) in Lie SU(3) 0 @ z Lie(G). Using this inner product, we can 
identify the Lie algebra i with its dual T*, and so the above Hilbert triangle can be thought 
of as lying in T. Observe that the center of the Hilbert triangle x2y2z2 represents the zero 
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weight and under this identification it becomes the origin of the Lie algebra T. The Weyl 
group N(T)/T operates on this triangle by permuting the three sides. It is easy to see that 
the shaded region in diagram (1) is the portion of the triangle which lies inside the positive 
Weyl chamber T, . 
By definition, the indexing set g consists of vectors /? such that b lies inside this Weyl 
chamber T, and is also the closest point to the origin of a convex hull spanned by some 
weights of the representation (G, H’([Fp,, O(6))). In the present situation, we may assume 
that such a convex hull is either a single weight (a} or it is cut out by a line segment (/I) 
joining two weights. In the second case, /.? is the closest point to the origin of this line 
segment. Therefore we can determine all the elements fi in _@ by studying all the possibilities 
for such lines (8). This is achieved by applying a ruler to Diagram (1) and the result is listed 
in the first column of Table 2.3. 
2.2. To describe the subspace S,, for /?E@, we have to introduce two subvarieties Y, , 
2, in X. Let x0, . . , ct2, be the weights of the representation (G, HO(lP,, o(6))) identified 
with the monomials in x, y, z as before. Using ot,, . . . , a2, as a basis, we identify X with P,,, 
and represent a point in X by 28 homogeneous coordinates (x0: . . :x2,). Define 
(x0: . . :x,,)elP2, 
xj=Oifuj.fl<p.flandxj#O 
1 forsomejwithaj.b=fi.P ’ 
(1) 
and Z, = ((x0:. . . :x~,)E [Fp,,Jxj = 0 if aj. /3 # fl. fl). In other words, Z, is the projective 
subspace in P,, spanned by the monomials which lie on the line (p), and Y, is an open 
subset of the projective subspace spanned by the monomials which lie either on (fi) or on 
the side of (p) not containing the origin. 
If we regard /3 as an element of T, it makes sense to consider its stabilizer Stab(p) under 
the adjoint action of G. Let P, be the subgroup of elements in G which preserve Ys, then P, 
is a parabolic subgroup and Stab@) is a Levi component in Pa. 
The action (Stab(P), Z,) can be linearized in such a way that its weights can be obtained 
by taking those weights of the representation (G, H’(lP,, O(6))) which lie in (p) and then 
projecting onto the line through 0 parallel to (p) (see 8.11 of [8]). Denote by ZT the set of 
semistable points of this linear action (Stab(p), Z,). By definition, there is a natural 
projection p: Y, + Z, of Y, onto Z,, equivariant with respect to the action of Stab(b). 
Pulling back by this projection, we obtain a subspace YF = p- ’ (Zp). invariant under the 
action of P,. 
Now the unstable stratum S, is the translation of Yp under the action of G, 
S, = G. Yis, and the group action on S, is the induction of the subgroup action (P,, Yp) to 
the entire group, i.e. (G, S,) = (G, G x Yp). Hence the Poincari: series PF(S,)= P/,(Y$?. 
P@ 
On the other hand, Ps is homotopy equivalent o Stab(@) and the projection p: Yp + Zgs is 
a Stab@)-equivariant deformation retract. Therefore we have Ppfl( Yy) = Ppab(8)(ZF), and 
PF(Xss) = P:(X) - C t2 codim$dp~b(B)(Z~)~ 
O+BEiu 
(2) 
2.3. The terms codim S, and P, Stab(B)(Zy) in the above formula 2.2(2) are given by the 
following table. Note that codim S, = dim X - (dim G + dim Y, - dim Pa) and dim Y, is the 
number of weights in the closed half-plane defined by (p) and opposite to 0. 
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Table 1 
Weights in (8) Stab(B) pybcayq) dim Y,, codim .S, 
a 0) 
(1.0) 
(O,l)(l,O) 
(0,1)(2,0) 
(0,1)(3,0) 
(0.1)(4,0) 
(0,1)(5.0) 
(0,1)(6,0) 
(0.2)(1,1)(2.0) 
(1,1)(3,0) 
(1,1)(4.0) 
(1.1)(5,0) 
(1,1)(6.0) 
(0.2)(3.0) 
(0.2) (2, I ) (4,O) 
(0.2)(S.O) 
(0,2)(3,1)(6.0) 
(0.2) (4. I ) 
(O-2)(5. I) 
(0.3)(1.2)(2.1)(3.0) 
(0,3) (4.0) 
(0.3)(5.0) 
W2) 
T 
GU2) 
T 
T 
T 
T 
T 
GU2) 
T 
T 
T 
T 
T 
T 
T 
T 
T 
T 
G.W) 
T 
T 
1 
(1 -P)(l -ty 
1 
(1 -t2) 
0 
1 
(1 -ty 
1 
(1 -P) 
1 
(1 -F) 
1 
(1 -P) 
1 
(1 -12) 
1 
(1 -P)(l -P) 
1 
(1 -12) 
1 
(l-9) 
I 
(1 -t2) 
1 
(1 -t? 
I 
(I -t2) 
1 + I* - 14 
(1 -t2)2 
1 
(I-P) 
I +I2 
I-12 
1 
I-12 
I 
(I --I”) 
I 
I -t2 
1 
(I -tl) 
1 
(I --_I’) 
0 25 
1 23 
2 28 
3 21 
4 20 
5 19 
6 18 
7 17 
5 20 
5 19 
6 18 
7 17 
8 16 
6 18 
8 16 
9 
II 
12 
13 
9 
10 
I2 
15 
13 
12 
11 
16 
14 
12 
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Table 1 (Contd.) 
Weights in (fl) Stab(B) dim Y, codim S, 
(0,3)(3,1) T 
(1,2)(40) T 
(.x1)(5,0) T 
(2,1)(6.0) T 
(1.2)(3,1)(5.0) T 
(lA(6.0) T 
(1.2)(4 1) T 
(1,2)(5,1) 7 
(0,0)(1,0)(2,0)(3,0) GU2) 
(47 0) (5>0) (670) 
(0~~)(1,1)(2,1)(3,1) GU2) 
(4,1)(X1) 
I 
(1 -P) 
I 
(1 -P) 
1 
(1-P) 
1 
(1 - tZ) 
(1 + f2) 
(1 - P) 
1 
(1 -ty 
1 
(1 -t2) 
1 
(1-P) 
1 +P+t4--t*-t’~ 
(1 -P)(l -P) 
1 + t2 + t4 
(1 -P) 
11 13 
9 15 
8 16 
9 15 
11 13 
12 12 
13 11 
14 10 
6 19 
12 13 
2.4. Putting the above data into formula 2.2(2) and after some simplification, we have 
1 -tsO t20 - t2s r48 
p’C(XSS)=(1-t2)(1_t4)(1_r6)-(~_r2)3 +(l-t2)(1-t4)’ 
(1) 
The terms appearing in the first, second, fourth, and fifth columns in (2.3) are determined 
easily from the diagram 2.1(l). As for computation of the middle column it is also 
straightforward, but it is worthwhile explaining some of the cases. 
For instance, when (p) contains only two weights, 2, is a projective line, and except in 
line 3 of the table 2.3 the group Stab(P) is the maximal torus. With the exception of line 4 
where fi is one of the weights, the equivariant Poincare series can easily be seen to be 
(1 +r2) 2r2 1 -----_-------_~ 
(1 -r2)2 (1 -r2)2 1 -r2’ 
In line 4 we get (I - rz)-2(l + r2) - (1 - r2)-2r2 = (1 - r2)-2, and in line 3 we get 0 because 
Zis is empty. 
The case (p) contains more weights and Z, is a higher dimensional projective space 
introduces only slight complications. As an example, we consider the line (/I) containing 
the three weights (1,2), (3, l), ($0). Then Z, is the projective space 
P, z IP fax2yz3 + bxy3z2 + cy5z) 
and clearly Stab(p) is the standard maximal torus T. This last torus can be decomposed into 
a product T, x T, of two subtori, 
T, = {diag(i., 1, i.-‘)(i.EC*}, T2 = (diag(i.,A-2,E.)ILE@*) 
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where the first factor TI operates trivially on the affine space C3 with respect o the modified 
linearization and the second T, operates with weights (3, - 3, - 9). Using Theorem 8.12 in 
[8], we have 
PT(ZT) = 
1+t2+t4 t2 t4 t4 1 +t2 
f ( > & P,7qPy) = --!- (1 - t2) [ 1 -P ----__ =- 1 -r2 1 -r* 1 -r2 1 1 -r2’ 
The computation of all the other terms P, s’ab(B)(ZgSS) are similar to the above. For 
instance, in line 9, 20, 30, 31 of table 2.3, we have the following formulae: 
PpL(*)(Py) = & 1 . py42ypy) = __ 
1 -P iI 1+t*+t4 t2 1 1 -P -__ = 1 -t2 1 (1 -t2)(l -t”)’ 
Py)(lPy) = & pyqp3 = _& 
[ 
t2 
1 + tf T :I + t6 - t4 _ - 1 1 l--r2 1 -r* =1-- 
p~W(p;s) = J-p;W’(p;s) = -!- 
[ 
1 +t2+t4+t6 t8 t6 t” -___---__ 
1 -t2 1 -t4 l-t2 1 -t2 1 -P 1 
1 + t2 + t4 
= (1-P) ’ 
1 
[ 
1 +t*+t4+t6+f8ft*0+t12 cl0 t8 t6 
=f 
------ 
1 -t4 1 -t2 1 -t2 l-9 1 
1 +t2+t4-P-t’O 
= (1 -t2)(l -t”) . 
Here the first factor (1 - t’)-l is due to the fact that the center of CL,(C) is operating 
trivially. For detailed explanations, we refer to [S]. 
3. PARTIAL DEXNGIJLARIZATION 
3.1. The geometric quotient space X//G contains very complicated singularities, and in 
[9] there is a systematic method of blowing up along the singular loci so as to obtain a 
partial desingularization z//G = dSS/G with only finite quotient singularities. Roughly 
speaking, fss is constructed by first blowing up Xss along the subvariety consisting of those 
points whose stabilizer subgroups have the highest dimension, deleting the unstable strata 
in the blow up, and then repeating the same procedure to the resulting space. Since the 
dimensions of the stabilizers keep getting smaller, we only have to repeat this procedure 
finitely many times. 
In [9] the blow-ups involved in the construction were all taken to be ordinary blow-ups 
with ordinary projective spaces as fibres. However the same procedure works if one takes 
weighted blow-ups with weighted projective spaces as fibres, provided that the action of G 
on the normal bundle to the centre of the blow-up preserves the weight decomposition and 
hence lifts to an action on the weighted blow-up. The important point is that weighted 
blow-ups have only finite quotient singularities and behave exactly like ordinary blow-ups 
as far as rational cohomology is concerned. This will be used later (see Section 4). 
To describe the steps of desingularization involved, it is necessary to find all the 
conjugacy classes of connected reductive subgroups R of G which are the identity compo- 
nents Gs of the stabilizers G, of elements 5 in Xss. 
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LEMMA. Let T, denote the maximal torus of R, and let 2;’ denote thejxpoint set of R in 
Xss. Then, up to conjugation, there are four possibilities for TR and Zi’: 
(i) R = T and Zis is the isolated point {x2y2z2}. 
(ii) T, = (diag(i.-2 , i., i)liE@*j and Zss is contained in the projective space 
P (x2(az4 + bz3y + cz2+y2 + dzy3 + ey4)) spanned by the polynomials x2(az4 + bz3y + cz2y2 
+ dzy3 + ey4). 
(iii) TR = {diag(i., i.-‘, l)li.EC*} and Zis is contained in the projective space 
P (ax2y2z2 + bxy:4 + cz6 + dx3y3j spanned by the polynomials ax2y2z2 + bxyz4 + cz6 
+ dx3y3. 
(iv) TR = (diag(i.5, i.-4, i.-‘)li.E@*j and Zis is contained in the projective space 
P{ax2y2z2 + bxz’} spanned by the polynomials ax2y2z2 + bxz’. 
By conjugation, we may assume that TR is contained in the standard maximal torus T. 
Hence, it is either T itself or a one-parameter subgroup in T. 
Suppose we are in the first case: TR = T, R 2 T. The fixed point set of Tin P,, consists 
of 28 isolated points represented by the monomials {xiyjz6 - ‘- j}, and among them only 
{x2y2z2} is semistable. By assumption, R has at least one fixed point in Xss, and since the 
fixed point set Fix(R, Xss) of R is contained in the fixed point set Fix(T, Xss) of T, it follows 
that the point {x2y2z2} ’ IS t h e only fixed point of R. The stabilizer subgroup of this point 
(x2y2z2) coincides with the normalizer N(T) of the maximal torus T. As is well known 
N(T)/T is disconnected and so the identity component of N(T) is T. This shows that in the 
case TR = T we have R = T, Zg = {x2y2r2}, as in (i). 
Next suppose that T, is a one-parameter subgroup in T. Notice that by [9] 4.1 and 4.3 
the fixed point set Z, in P;: consists of all the points r in Ps; whose representatives in C2* 
are fixed by the linear action of R. By the argument in the previous paragraph, we know that 
Z,,, 2 {x2y2z2} and the action of TR on C2* contains a fixed subspace strictly larger than 
the one-dimensional space C(x2y2z2). On the other hand, Fix(T,, C2*) is spanned by those 
weight vectors which lie on the line through the center x2y2z2 and orthogonal to the Lie 
algebra Lie( TR n SU(3)) in 7. Using the action of G, we bring such a line to the position that 
it goes through the positive Weyl chamber 5,. 
It is not difficult to see that there are three possibilities (up to conjugation) for these lines 
as indicated by L,, L,, L, in Diagram 2.1(l). They represent respectively the three 
projective spaces in X: 
P (x2(az4 + bz3y + cz2y2 + dzy3 + ey4)), P {ax2y2z2 + bxyz4 + cz6 + dx3y3), 
P jax2y2z2 + bxz’ ) described in (ii), (iii), (iv). 
3.2. As it turns out, we do not have to consider all the connected reductive groups which 
fix some semistable points in X. This is due to the phenomenon that some of the semistable 
orbits are not closed and in their closures there are orbits with stabilizer subgroups of 
higher rank. To detect them, we record the following criterion of Horikawa (see [7]). 
LEMMA (i) Let 5 be a semistable sextic curve defined by the equation 
i+~=4aijxiyjz2+i+&4bijxiyjzh-i-j= 0, 
and let to be the sextic curve dejined by 
i +5;= 4 UijXiyjZ2 = 0. 
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Then to is semistable and lies in the closure of the orbit G. 5 of 5. 
(ii) Let [ be a semistable sextic curve defined by the equation 
i +T= 4 aijXiYiZ2 + c bijxiyjz6 -i -j = c,, 
i+j<3 
and let co be the curve dejned by 
i +J 4 aijxiyjz2 = 0. 
Then co is semistable and lies in the closure of the orbit G. 5 of (. 
For example, using this lemma, it is easy to see that a semistable orbit G.(ax2y2z2 
+ bxz5) in 3.l(iv) is not closed because it contains the point x2y2z2 in its closure. Since the 
stabilizer of x2y2z2 has a higher rank than that of ax2y2z2 + bx?, we have to blow up the 
orbit ’ 2 2 G.x y z first in our desingularization process. After blowing up the orbit, 
G.(ax2y2z2 + bxz’) becomes unstable and is therefore removed according to our de- 
singularization procedure. This means that we need not consider such orbits as candidates 
for blowing-up operations. 
A similar situation occurs in 3.l(ii). A point l in Z,, is represented by a sextic curve 
x2(az4 + bz3 y + cz2 y2 + dzy3 + ey4) = 0 in P, . Geometrically, this sextic gives us the con- 
figuration of a double line x2 = 0 and a pencil of four lines 
(az” + bz3y + cz2y2 + dzy3 + ey4) = fi (&z + Iliy) = 0 
i=l 
passing through a single point (1 :O:O). If an element in R keeps this point fixed, then it will 
also fix the quadruple point (1: 0: 0) and the double line x2 = 0. As a result, R is contained in 
the following subgroup in SL,(C): 
It is easy to see that this last subgroup is isomorphic to the general inear group GL,(Q of 
degree 2. The action of this subgroup on P ” keeps the projective subspace P{x2(az4 + 
bz3y + cz2y2 + dzy3 + ey4)) in 3.l(ii) invariant, and in fact the restricted action on this 
subspace can be identified with the natural action of GL,(@) on the projective space IFD, of 
homogeneous degree 4 polynomials az4 + bz3y + cz2y2 + dzp3 -+- ey4. 
It is enough to concentrate our effort on those reductive subgroups R which are the 
identity component of stabilizers GL,(C); for points r of P,, stable under the action 
(SL,(@), P,). This is because if 5 is not a stable point, its orbit under SL,(@) contains a point 
i whose corresponding pencil az4 -t- bz3y + c:‘y’ + dzy3 + ey4 = 0 contains at least one 
double line. Since under a change of coordinates { takes the form z2(a’z2 + b’zy + c’y2), the 
corresponding point in P,, takes the form x2z2(a’z2 + b’zy + c’J!~), and by the Lemma of 
Horikawa the orbit G ~x2z2(u’z2 + b’zy + c’y2) contains the point x2y2r2 in its closure. 
Hence by the same argument as in 3.l(iv), we can ignore those points < which are not 
stable. When { is a stable point of (SL,(C), P,), the stabilizer GL,(C), is an extension of a 
finite group by @*. The identity components of these groups coincide with 
T, = (diag(K2, I., i.)lE,EC*}, 
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or in other words it is enough to consider 
in 3.l(ii). 
R = R, = {diag(i.-2, i., i.)ji.EC} 
3.3. We now apply the same method to the reductive groups R appeared in the case 
3.l(iii). A point 5 in Z, is represented by a sextic of the form ax2y2z2 + bxyz4 + cz6 + dx3y3. 
If d = 0 or b = c = 0, then the closure of the orbits G .(ax2y2c2 + bxyz4 + cz6) or G(ax2y2c2 
+dx3y3) contain the point x2y2z2 b y L emma 3.2. Therefore, we can exclude these two 
situations from our consideration. 
When d # 0 and either b or c are nonzero, we can write our sextic 4 in the form of a 
product (xy + x,c2)(xy + LX~Z’)(XY + a3z2) where at least two of the three entries ~i, al, r3 
are nonzero (say @I # 0, u2 # 0). Geometrically each of the terms (xy + riz2) represents a 
quadric, and for c(i # 0 it is a nonsingular quadric Q = (xy + c(iz2) with stabilizers iso- 
morphic to a special orthogonal group SO(Q). 
Suppose two of the entries cli are distinct. Then the equation 5 = fi (xy+cciz2) 
i= I 
represents aunion of three quadrics, tangent o each other at the points (1: 0: 0), (0 : 1: 0). It is 
not difficult to see that if R is a connected reductive group keeping this sextic fixed, then R 
lies in the intersection of SO(Q) with the stabilizer of the two lines xy = 0. In addition, the 
group TR in 3.l(iii) is the identity component of this intersection and so R coincides with the 
group R, = jdiag(i, E.-r, 1)1 i.EC*). 
On the other hand, suppose all the entries ai are the same. Without loss of generality we 
may assume that c1i = r2 = a3 = 1, t = ( xy + z~)~, then the stabilizer R of 5 is the special 
orthogonal group R, = SO(Q) of the quadratic form Q = (xy + c2). Since SO(Q). is of higher 
rank than any other candidate for R, the orbit G.Zit where Ziz = { (xy + 2’)“) is the first 
to be blown up in the desingularization process. 
Summing up: to construct a partial desingularization, it is necessary to perform four 
stages of (possibly weighted) blowing up operations. In the first two, we have to blow up 
along the two orbits: 
(0) The orbit G. Zit where Zit = {(xY+z~)~} is the jixed point in Xss of the group 
R, = SO(Q). 
(i) The orbit G. Zit where Zi: = (x2y2z2} is thejxed point in Xss qf the maximal torus 
R, = T. 
After blowing up these orbits and removing the unstable strata, we obtain a new quasi- 
projective variety endowed with a linear G-action (see [9] $3 for more details). In this new 
variety, there remain two types of orbits whose stabilizers are reductive and of positive 
dimension: 
(ii) The subspace G.Lf”R”, is thejixed point set ofthe group R, = (diag(i.-2, i., ~)(E.E@*). 
(iii) The subspace G.2;: where 2;: is the fixed point set of the group R, = 
jdiag(i, i.-‘, l)(i.EC*j. 
To complete our construction, we have to blow up along these subvarieties and then 
repeat the operation of removing the unstable strata. 
4. THE FIRST TWO STAGES OF DESlNGULARlZATlON 
4.1. The effect of each stage of desingularization on the equivariant Poincare series is 
explained in great detail, in [9]. In the following, we will give only a brief outline. 
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Let us consider the general setting of a nonsingular projective variety M together with a 
linear action of a reductive group G. Assume that R is a connected reductive subgroup with 
the property that the fixed point set Z, ” in MS’ is nonempty but that Z:? = 4 for all other 
subgroups R’ of G of higher dimension than R. 
Let ti be the blow up of MS’ along G’Z;‘, and let rr:@ + MS” denote the blowing-up 
map. Then, just as for the usual cohomology, the equivariant cohomology of fi is related to 
the exceptional divisor E by the formula: 
H:(G; Q) 2 H:(MSS; Q) @ Hg(E; Q)/H;(G . Zy’; Q) 
(see [S] and [9]). This is also true if !t? is a weighted blow-up of MS’ along GZis defined by 
a weight decomposition of the normal bundle which is preserved by G. 
Let v denote the normal bundle to G. Zs( in M ss Then the exceptional divisor E is . 
isomorphic to the (possibly weighted) projective bundle P’(v) associated to 11, and its 
equivariant cohomology Hz(E) can be computed by a spectral sequence associated to this 
bundle P(v). Since this spectral sequence degenerates, 
P;(E) = P~(G.Z~s).(l + t2 + . . + t2d’R’) 
where 1 + d(R) is the codimension of G. ZS,. 
Denote by N(R) the normalizer of R in G. Then by 7.3 in [9] we have 
Hz(G . Zp) g Hg,R-(Z:‘) 
and hence 
P,G(E) = P,N’R’(z;s).(l + t2 + . . + Py 
P,G(h?) = P,G(M=) + P,N’R’(Z;s).(r2 + . . . + t2d’R’). (1) 
Now let ii?” denote the subvariety obtained by removing from G the unstable strata. 
Let $8 denote the indexing set of stratification on 2. For /3~ B, we define Zp and S, in the 
same manner as in 2.2. Then we have 
P,G(ti) = P,G(ilSS) - c t2codimW P,G(S,) 
0 f BE.4 
To use this formula, we have to determine the indexing set B. For this, we choose a point 
{ in Z:’ and consider the normal vector space vg to G*Zis in MS’ at this point. Since the 
action of R on MS’ keeps this point g fixed, there is a natural induced representation 
p:R + GL(v,) of R on this vector space. In all our cases, the subspace Zis is connected and 
so p is independent of the choice of the base point 5. 
Let @(p) denote the indexing set of the stratification of the R-action on the (possibly 
weighted) projective space P(v,). For each /I in a(p), we have the subspaces Z,,,, Zgfp, 
Y B.p, YtsO defined as in 2.2 but with respect to the action of R on P(v;). Note that the group 
R operates on the inverse image n- ‘(0 of rt:a -+ MS’ over r and in fact this action is 
topologically isomorphic to the action of R on P(v,). This suggests some relations between 
the corresponding sets, B and B(p), Zp and ZpSs,,, S, and S,, p. 
In [9] $7, it is proven that a can be identified with a set of representatives of adjoint G- 
orbits in the Lie algebra which meet the indexing set B(p). In particular, B can be regarded 
as a subset in B(p). For each /?E@ c g(p), there is a fibration n:Zrn n-‘(Zi’) + Zis 
with fibre Z$sp. As for the stratum S,, its codimension in II? is the same as the codimension 
of S,., in P(v,), denoted by d(B), and its Poincare series PF(S,) is the same as 
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ph’(R’nSWB’(zgSS n 7c- 
f ‘(Z,)). This leads us to the formula-t. 
Pi = Pp(M) + Pfj’yZS,S)@ + . . . + P’R)) 
For our application, we will encounter only two very special situations. The first is the 
case when Zis is a single point. Then it is immediate that 
p;(R) n Slab(B) (z;” A II - 1 (zs,)) = p;(R) 17 Stab(P) (z;:,) (3) 
The second is the situation when Zssp = Z,,,. Then associated to the fibration 
x:Z~nn-l(Z~s)+Z~s, h t ere is a spectral sequence of rational equivariant cohomology. 
According to a criterion of Deligne (see [3]), this spectral sequence degenerates and hence 
p;(R) n stab(B) (Zy n n - ‘(z;S)) = p;(R)ns’=b(fl) (Z;s). p,(Z,, J (4) 
(cf. the proof of 7.2 in [9]). 
4.2. We now consider the first stage of blowing up operation on Xss along the orbit 
G . Z,, = G. { (xy + z’)‘}. 
In this case the reductive group R0 = SO(Q) is its own normalizer, N(R,) = R,. Since 
ZR,, = Zit is a single point, the equivariant Poincari series of its orbit is given by 
Pf(G * Z;;) = P:‘R”‘(ZS,S,) = P,(BSO(Q)) = & 
whereas the codimension of its orbit is 22( = 27 - 8 + 3). Thus, according to 4.1 (l), the 
equivariant PoincarC series of the blow up of Xss along G. Zit is obtained by adding the 
following term to PF(Xss) in 2.4(l): 
t2 + t4+ t6 + . . . + t42 p - t44 
l-t4 = (1 - t2)(l -t”) (1) 
To determine the slice representation p of SO(Q) along the orbit G. ((xy + z”)“}, we 
consider the natural action of SO(Q) on the vector space @28. It is easy to see that the 
weights of this representation are (-6, - 5, -4, - 3, - 2, - 1, 0, 1, 2, 3, 4, 5, 6) with 
multiplicities (1, 1, 2, 2, 3, 3,4, 3, 3, 2, 2, 1, 1). For, as in section 2, the vertices of the Hilbert 
triangle represent he weights of the action of T. To obtain the weights of SO(Q), we have to 
restrict to the one-parameter subgroup T,, (the horizontal line L: in 2.1(l)). Geometrically, 
this amounts to the projection of the Hilbert triangle onto the horizontal line L:. Under 
this projection, the vertices of the triangle are sent onto 13 nodes on L$, each of which 
represents a different weight of TR,,. Moreover, the dimension of the weight space is the 
number of vertices in the triangle sitting above the given node. 
To determine the tangent space r;GZR, to the orbit GZ,, at a point 5, we appeal to the 
following well-known fact (see p. 447 [ 173): 
LEMMA. Let f=f(x,, . . . , x,) be an element in the space of degree d homogeneous 
polynomials. Consider the natural action of CL,(@) on this space. Then the tangent space 
t We take this opportunity to correct a misprint in 7.13 of [9]. The term Pr(Z~s)(l + r2 + + t”““) should 
appear as f~(Z$s).(P + + t*d’R’ ) and the symbol + X should appear as -X. 
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rl.(GL,(C).f) along the orbit GL,(@).f off is isomorphic to the quotient space 
df 2f itf c'f (zf - --,...,- 
dx,’ dx, 
IS the ideal generated by the derivatives +, 7, . . , 7, 
C.Yo CXI CX” 
and { }” stands for the degree d subspace. 
Applying this lemma to our situation with f = (xy+ z~)~, it follows that the tangent 
space r.(,y+z2)n(G.Zz:) is spanned by the polynomials: xp(xy+~~)‘, y2(xy+z2)‘, 
yz(xy + 22)2, x2(xy + 22)2, xy(xy + z2)2, xz(xy + z2)2, xz(xy + z2)2, yz(xy + z2)2, ?(xy + ?)?. 
The normal vector space to G.Zis at {(xy + z’)“}, is the quotient of C2* by the subspace 
generated by these polynomials. As for the weights of p, we project the Hilbert triangle onto 
the horizontal line L$ and take out the images of these polynomials. An elementary 
calculation shows that the weights of p are (- 6, - 5, -4, - 3, - 2, - 1, 0, 1.2,3,4,5,6) with 
multiplicities (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 1, 1,). 
Hence the indexing set .9?(p) defined in 4.1 consists of six points with /I = 1, 2, 3, 4, 5, 6 
and this coincides with the indexing set g of the blow up. The subspace Z, is P, when 
p = 1,2,3, or 4 and is a single point when B = 5 or 6. Also codim(Sg) is simply the number 
of weights strictly less than p. Putting these data into 4.1(4), we have 
Ix f t2 codim WJ pN(RoJ 0 Stab@‘1 (~$5 n n - 1 (zs,S,)) 
O+PE* 
PO + P + ty1 + t2) + ty1 + 9) + t2y1 + t2) + t22(l + t2) t22 - t42 
= z------- 
l-9 1 -t2 
(2) 
According to 4.1(2), when we remove the unstable strata from the blow up of Xss, the effect 
is to subtract the above term from the sum 2.4(l) + 4.2(l). 
4.3. Next we consider the second stage of desingularization: blowing up the orbit 
G.(x y . ’ 2z2] in 3 3(i) and removing the resulting unstable strata. First, as is well known, the 
normalizer N(R,) = N(T) is an extension of the maximal torus R, = T by the symmetric 
group I3, of three letters (the Weyl group). Hence we have 
P,G(G.Z;;) = P:‘RB)(Z;;) = P,(BN(R,)) =&q-t”); 
codimG.Zi: = 27-8+2 = 21, 
and by 4.1(l) when we blow up the first stage of desingularization along G. Zz, the effect on 
the Poincare series is to add the term 
t* - p 
(1 -?)(l -t4)(1 -P) 
(1) 
Notice that the Weyl chamber of SL,(@) can be identified with the Weyl chamber of the 
group N(T). As for the weights of the linear action of N(T) on the vector space C2’, they are 
the same as the points of the Hilbert triangle. By Lemma 4.2, the tangent space 
r,2Bz22 Gx2y2z2 to the orbit Gx2y2z2 is spanned by the monomials x2y2z2, xy3z2, xy2z3, 
x3yz*, x2yz3, x3y2z and x2y3z. These monomials can be represented by the vertices of a 
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hexagon located at the center, and hence to get the weights of the sl representation p we 
simply remove from the Hilbert triangle the vertices in this middle hexagon. 
In the notation of 4.1, the effect on the equivariant Poincart series after removing the 
unstable strata is to subrract the term 
c 1 t2d’P) pN(T) n Stab(P) (zSS ) P.P 
0fPs.d 
Here a may be identified with the indexing set d(p) for the representation p of N(T). The 
table in 2.3 may be modified in an obvious manner to compute the terms 
t2d’bb p;(T) 0 Stab(B) (z;;,), and the results appear in the following table. 
4.4. 
Table 2 
Weights in (fi) Stab(B) p; n stalli (ZS) dim Yip codim S,. p 
(O,O) GU2) 
(1.0) T 
(O,l)(l.O) GL(2) 
(0,1)(2.0) T 
(0.1)(3.0) T 
(0,1)(4,0) T 
(0.1)(5.0) T 
(0,1)(6,0) T 
(0,2)(1.1)(2.0) GLG’) 
(1,1)(3.0) 
(1.1)(4.0) 
(1.1)(5.0) 
(1,1)(6,0) 
(0.2)(3-O) 
(0.2) (4.0) 
(0.2)(5.0) 
I 
(I- ?)(I -P) 
1 
(1 - ty 
1 
(I -rZ) 
1 
(1 --ry 
1 
(1 -P) 
1 
(1 - t2) 
1 
(1 -tq 
1 
(1 -t’) 
1 +t’ P 
---+ 
1 -tz (1 -P)(l -P) 
1 
(1-P) 
1 
(1 -rq 
1 
(I-?) 
1 
(1-P) 
1 
(1 -tq 
1 
1 --t2 
1 
I --t2 
0 20 
1 19 
2 18 
3 17 
4 16 
5 
6 
7 
5 
5 
6 
1 
8 
6 
15 
14 
13 
15 
15 
14 
13 
12 
14 
13 
12 
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Table 2 (Conrd.) 
Weights in (8) Stab(B) dim Yi,sp codim S,, p 
(0,3)(3,0) 
(0,3)(5,0) 
(QO)(l,O)(2,Q(3,0) 
(4,O) (530) (6.0) 
(0,1)(1,1)(4,1)(5,1) 
T 
T 
T 
GU2) 
T 
T 
GU-4 
GW) 
1 
9 
1 -t* 
1 
10 
1 -t2 
1 
11 
1 --tl 
1 
7 
1 -t2 
1 
8 
1-P 
1 
9 
1-P 
1+t4-t’0 P4 
6 
(1 -tq* -(l-tq(l-P) 
1 + t2 + t4 
10 
1 -P 
11 
10 
9 
13 
12 
11 
14 
10 
5. COHOMOLOGY OF THE PARTIAL DESINGULARIZATION 
5.1. We now come to the third stage of desingularization mentioned in 3.3(ii). First, we 
have to blow up the subspace G *iit where 2:: . IS the fixed point set of the group 
R, = {diagQe2, i., A)lj.E@*}. 
The normalizer N(R,) of R, is isomorphic to GL,(@), 
NW,) = 1 (4’ i: i+,Wi 1’ 2 G~52W3 
and the quotient N(R,)/R, is isomorphic to SL,(@). The subspace 2;: can be constructed 
by taking all the semistable points Pi’ of the projective space P, = P {x2(uz4 + bz3y 
+ cz2y2 +dzy3 + ey4)) under the action of SL,(C), blowing up along the orbit 
SL2(C).x2y2z2, and then removing all the SL,(@)-unstable points. These last two opera- 
tions are due to the modification of the second stage of desingularization. Notice that pp is 
separated from the orbit G. {(x~+z~)~} and so it is unchanged by the first stage of 
desingularization. 
We have 
t2 t2 p;w)(g;;) = pfw)(p,ss) + - - - 
l-t4 l-t2 
( 1 +t2+t4+t6+t8 t6 t4 > t2 t2 = ---- --~ 1 -t4 1 -t2 1 -t2 +1-P 1 -t2 
= (1 + t2). 
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Here, in the second line, the addition of term & is due to the blowing up of pzs along 
SL,(@)~x2y2z*, and the subtraction of $ is due to the removal of the unique unstable 
stratum in the blowing up (see 4.1). Since the codimension of G. 2:: is equal to 19 
( = 27 - 4 - 8 + 4), the effect on the Poincare series after blowing up along G. 22: is to add 
the term 
(l+ (t2 _ t38) 
(1 - t2)2 
(1) 
to the equivariant Poincare series. 
5.2. To proceed further, we have to determine the representation p of R, on the normal 
vector space to G. Zit at a point. For definiteness, we choose this to be the point x2(c4 + y4) 
in Zss R2 
By Lemma 4.2, the tangent space rx20,4 ++) G(x2(y4 + 2”)) to the orbit G. {x2(y4 + ;“)) 
at this point is spanned by the polynomials x2(y4 + z4), xy(y4 + :4), xz(y4 + c4), x3y3, ?y4, 
2 3 x y z, x3z3, x2z4, x2yz3. Moreover, in rx2f,,4 ++)G .Zit,, there is the tangent space 
5x2~.v4 + z4) Zss which can be identified with the space all polynomials of the form x2f4(y, z), RZ 
where f4(yr z) is a degree 4 homogeneous polynomial in y and z.Thus the tangent space 
5x2(,.4+:4) G. Zi:, is spanned by the polynomials x3y3, x3z3, xy(x4 + c4), xz(x4 + y4), 
x2f4(y, z) wheref,(y, z) runs through all degree 4 homogeneous polynomials. 
Following the procedure of 4.2, to obtain the weights of the normal representation p, we 
remove the image of the polynomials x3y3, x3z3, xy(x4 + z4), xz(x4 + y”), x2f4(y, z) from the 
projection of the Hilbert triangle onto Li. As a result, we find that the weights of p are 
(- 2, - 1, 1,2, 3,4) with multiplicities (7,4, 2, 3, 2, 1). Thus the unstable strata in this third 
stage of desingularization are indexed by the weights /I = - 2, - 1, 1, 2, 3, 4, while the 
corresponding subspace Z,. p = P,, P,, P,, P,, P,, P, (a single point) with codimension 
d(p) = 12,8, 11, 13, 16, 18. Therefore by 4.1(2) and 4.1(4) when we remove the unstable strata 
we must subtract the term 
=%36+t32(1+t2)+t26(1+t2+t4)+ty1+t~) 
(1 -t2) ’ 
+ t24(1 + t2 + t4 + t6 + t8 + t'O+ t12) + t’6(1 + t2 + t4+ t”,/. 
(1 + t2) 
= (I(rZ)(f’6+ t2’ - 2t3”) (1) 
from the Poincare series. 
5.3. Finally we come to the last blowing-up operation along G. 2;: where the subspace 
2:: is the fixed point set of the group R, = (diag(i_, i.-‘, l)IE.o@*). As in 5.1, this subspace 
Zskj,) can be obtained by taking the semistable subspace [FDF in P (a.~‘y’:~ + hxyz4 + czh 
+ dx3y3), blowing up along the line {(xy + a~~)~), then blowing up at the point (x2y2=*) 
and removing the unstable strata. These two blowing-up operations are due to the 
modification of Xss along G. Zit and G. Zi: in the first two stages of our desinguiarization. 
Let N, denote the normalizer in SL,(@) of the standard maximal torus of SL,(C). Then 
there is an isomorphism of the quotient group N, x @*/I + II j onto the normalizer N(R,) of 
R, in SL,(C) defined by 
N, x @* + N(R,); 
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By means of this isomorphism, the natural action of N(R,) on the space P {ax’y’? + hxy? 
+ cz6 + dx3y3} induces an action of N2 x C* which is trivial on the factor N, and operates 
by the formula 
El(ax2y2zz + bxyz4 + cz6 + dx3y3) = (axZyZz2 + bi.-6xyc4 + ci.- 12c6 + di.6x3_t.3) 
on the factor C*. In other words, it factors through an action of @* with the weights (- 12. 
-6, 0, 6) and multiplicities (1, 1, 1, 1). 
Since N(R,) is a quotient of N, x @* by a central subgroup of order 2, the rational 
cohomology of its classifying space BN(R,) is isomorphic to that of N, x @*. More 
generally, if we have an action (N, x @ *, Y) on a space Y induced from an action (N (R3 ). Y) 
of N(R,), then this central subgroup of order 2 operates trivially on H*(Y) and so the 
equivariant cohomology groups III,*(~,,( Y) and Hz, x p(Y) are naturally isomorphic. Com- 
bining this observation with the above data on the weights of N, x @*, we have 
(1 + t2 + t4 + P) - t6 - t4 - t6 + (t2 + t4) + (t2 - t4) - t2 - r2 - t4 
= 
(1 - t2)(1 - t4) 
1 + 3t2 + t4 
= (l-t4) . 
In the second line of the above computation, the first term 
(1 +r2 +r4+r6) is the equi_ 
(1 -t2)(1 -t”) 
variant Poincare series Pr’R”(lTJ’3), the second term 
-t6--4__t6 
(1 -t2)(1 -t4) 
IS due to the removal of 
unstable strata. The third and the fourth terms 
(c2 + t4) (c2 - r”) 
(1 _r2)(1 _f4)'(1 -p)(l _f4)areduetothe 
two consecutive blowing-up operations, while the remaining terms are due to the removal of 
unstable strata after the blow ups. 
Since the codimension of G .Zi: is 18( = 27 - 3 - 8 + 2), according to 4.1( 1) the equi- 
variant Poincare series is increased after blowing up along G .Zi: by the amount 
(1 + 3t2 + t4)(r2 - r36) 
(1 -t4)(1 -t2) 
(1) 
5.4. It remains to determine the normal representation p of R, along the space G.Zi:. 
For definiteness, we fix the point {z” + x3y3} in G. Zit. The tangent space T,~ +x-l,,3 (Zit) to 
Zi: at this point is spanned by the monomials xyz4, z6, x2y2z2, x3y3, and from Lemma 4.2 
the tangent space to the orbit G. fx” +x3y3} is spanned by x2y4, x2y3z, x3y3, x3y2c, x?, 
yz’, z6. Removing these monomials from the Hilbert triangle and projecting the remainder 
onto the horizontal line Li, we see that the weights of the normal representation p are 
(-6, -5, -4, -3, -2, -1, 1;2,3,4,5,6)withmultiplicities(l, 1,2,2,2, 1, 1,2,2,2, 1, 1). 
Thus, in the notation of 4.1, the weights ,!I in J are 1, 2, 3, 4, 5, 6, the corresponding 
subspaces Zgsp = Z,., are projective subspaces PO, P,, P,, P,, PO, and the codimension 
d(p) = 9, 10, 12, 14, 16, 17 respectively. Therefore by 4.1(2) and (4), when removing the 
unstable strata from the blow up we subtract the term 
(1 + 3t2 + r4) 
(1 -r2) 
Cc34 + r32 + t3*( 1 + r2) + t24(1 + t2) + rZo( 1 + r2) + r’s] 
from the equivariant Poincart series. 
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5.5. After these four stages of blowing-up and removing unstable strata, we obtain a 
quasi-projective variety 2” with a G-action, and the quotient zss/G is the partial 
desingularization z//G of X//G. Since the stabilizer in G of every x E 2” is finite, the Betti 
numbers of 2//G are the same as the equivariant Betti numbers of 2” (cf. [S] 5.6). By 
putting the previous formulae 2.4(l), 4.2(l). 4.2(2), 4.3(l), 4.4, 5.1(l). 5.2(2), 5.3(l), 5.4(l), 
together the equivariant Poincare polynomial of 2” is given as follows: 
and this proves Theorem (1.3). 
60t*’ + 55t2* + 48t24 + 40t26 + 32r28 + 25t3’ + 1 8t3* + 1 lt34 + 5r36 + r38, 
6. THE INTERSECTION HOMOLOGY OF SHAH’S COMPACTIFICATION 
6.1. The first construction of a complete moduli space for K-3 surfaces of degrees 2 was 
due to Horikawa. In [ 191, Shah reproduced this moduli space by first blowing up the orbit 
G. (xy + z2)3 in X using a weighted blow-up, removing the unstable strata, and then forming 
the geometric quotient space. In terms of our own construction. this moduli space is the 
result of the first stage of desingularization in Section 4 provided that we use the same 
weighted blow-up: we can use unweighted blow-ups for the other three stages. The object of 
this section is to compute the intersection homology? of this moduli space of Shah and 
Horikawa. 
For this, we return to the general setting of a G-variety M and the blow up @ of Mss 
along G. ZS, with the notation MS’, ais’, Zis as defined in 4.1. Let G//G denote the 
geometric quotient spaces obtained from the invariant theory (see [ 143). Then M//G can be 
obtained from M//G by blowing up the image of G. Zis in M//G (see [9] 3.11 and 6.9). This 
image can, in turn, be identified with the geometric quotient space Z,//N(R). 
If we apply the above consideration to the successive stages in the desingularization of 
X//G, we see that Shah compactification can be obtained from x”‘/G by applying three 
successive blowing-down operations. 
Since x”“/G contains only finite quotient singularities, its intersection homology 
IHi(J?SS/G; Q) with rational coefficients is isomorphic to the corresponding rational 
homology H,(x”“/G; Q), and so by Theorem 1.2 we know the Betti number of its inter- 
section homology IHi(,fSS/G; Q). To study the intersection homology of Shah com- 
pactification, it is therefore enough to investigate the effect on intersection homology after 
each stage of the blowing-down operations. This is described in [lo] $2. 
6.2. We will use the notation IP,( Y) to denote the intersection Poincare polynomial of a 
projective variety. i.e. 
IP,( Y) = 1 t’dim IH’( Y; Q). 
i50 
If F is a finite group acting on a vector space A, then AF denotes the subspace of elements in 
A fixed by F. By [lo] 2.1, we have the following: 
f Here the intersection homology is to be taken with respect to the middle perversity and rational coefficients. 
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PROPOSITJON. Let M, A?, ZR and N(R) be dejned as in 4.1. Then the intersection Betti 
numbers of M//G and a//G are related by the formula: 
dim lH’(M//G; Q) = dim IH’(a//G; Q) 
- c dim[HP(Z,//N(R),; CD) 0 H’f4)(P(~~$/R; Q)]no(N(R)) 
p+q=i 
(1) 
where r is a point in Zg”, and N(R), is the identity component of N(R) and r,N(R) = 
N(RYN,R,,, and t(q) is an integer given by 
t(4) = 
q - 2 ifq I dim p(v,)//R 
4 otherwise 
The action of x,N(R) on H*(Z,//N(R),; Q) is induced by the action of N(R) on Zs(‘, and the 
action of x0 N(R) on H*([IP(v<)//R; 0) is induced by the action of N(R) on the projective bundle 
[FD(v) ouer Zis. 
6.3. We now apply the above formula 6.2(l) to Shah compactification of the moduli 
space of K3 surfaces. As explained before, we start with the partial desingularization _?SS//G 
and reverse the steps of desingularization. Therefore, the first situation that we encounter is 
the case described in 5.3 when R, = (diag(l, j.-‘, l)lj~~@*}. 
In this case, N(R,) = N2 x C*/{ + I) where N, is the normalizer of the maximal torus 
{diag(i., i.- ‘)I>. EC*} in SL,(@). The group n,(N(R)) is cyclic of order 2, and it operates 
trivially on H*(Z,//N(R)O; Q) = H*(ZR//N(R); Q). As for the invariant part of 
ZH*(P(v,)//R; Q) under the action of QN(R), it can be identified with IH*(P(vc)//N2; Q). 
In 5.4, we computed the weights of the representation of N, on the normal space v5: they are 
(-6,-5,-4,-3,-2,-1,1,2,3,4,5,6)withmultiplicities(1,1,2,2,2,1,1,2,2,2,1,1,).By 
now, it is a routine matter to deduce the Poincart polynomial: 
P,(P(V,)//N,) = l+ t2 + ‘I’,;. . + t34 (Pa + t20 + . . . + P) - 
(1 -P) 
= 1 +t2+2t4+2t6+3t8+3t’0+4t’2+4t14+5f’6+4t1*+4t20 
+ 3t22 + 3t2” + 2t26 + 2t26 + t30 + t32. 
In 5.3, it is shown that the Poincart: polynomial P,(Z,,//N(R,)) equals 1 + 3t2 + t4. Thus, 
from 6.1(l), we know that the effect after blowing down Z,,//N(R,) is to subtract off the 
term 
(1 +3t2+f4)(t2+t4+2tb+2t~+3t~~+3t’*+4f’*+4t~~+4t~*+4t~~ 
+ 3t22 + 3f24 + 2t26 + 2t= + t3o + t32) 
from fP,(x”‘//G). 
(1) 
6.4. Next we come to the situation described in 5.1 and 5.2. Here R, = 
(diag(L2, I., j.)lj.E@*) and N(R,), isomorphic to GL,(@), is connected. 
For every point { in G +2::, the stabilizer of r in G can be written in the form R,. F 
where F is finite and commutes with R,. For, if ( is a generic point (x2(az4 + bz34j + cz2y2 
+ dzy3 -t ey4)} then r gives rise to a configuration of a pencil of four lines az4 + bz3y + c.z2y2 
+ dzy3 + ey4 and a double line x2 = 0. The stabilizer subgroup is generated by R, and 
a finite permutation group of the four lines. 
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By the previous computation in 5.2, the weights of the representation of R, on the 
normal space v: are (- 2, - 1, 1, 2, 3,4) with multiplicities (7,4, 2, 3, 2, 1). Thus we find that 
PAZ,,IIN(R,N = 1+ t2 
IP,(Wv<)IIR,) = f’t(WS)llR2) 
1 _ t38 (t’6 _ t38) @22 _ t38) 
=(1- (1 _t2)2 - (1 _t2)2 
= 1 + 2t2 + 3t4 +4t6 + 5t8 +6t’O + 7r12 + 8t14 + 8t16 + 8t’s 
+ 8t2’ + 7t22 + 6t24 + 5t26 + 4t28 + 3t30 + 2tj2 + tj4. 
Therefore, by Proposition 6.1, after blowing down Z,,//N(R,) we have to subtract the term 
(1 + t2)(t2 + 2t4 + 3t6 +4t* + 5t” + 6t12 + 7t14 + 8t16 + 8t18 
+ 8tZo + 7tz2 + 6t24 + 5t26 + 4t28 + 3t3O + 2t32 + t34) (1) 
from the intersection PoincarC polynomial. 
6.5. The final step is the blowing down corresponding to the case R, = T. As in 4.3, the 
space G.Z,, consists of a single orbit G.x2y2z2 and so P,(Z,,//N(R,)) = 1 and 
n,(Z,,llN(Rl)) = 0. 
In 4.4, the weights of the slice representation of N(R,) at the point x2y2z2 are given. 
From these data, it is very routine to compute the equivariant Poincart series: 
PN’RI)(~(VXly2=Z)SS) = 
1 - t4* (t40 + ts4 _ t42) (t38 + t36 + t28 + t32 _ t38) 
f (l-?)(l-t4)(l-t6)- (1-?)(l-t4) - (1 - ty 
- (t’8+2t20+3t22+4t24+4f26+3r28+3t30+2t32+t34+t36) (1) 
(1 - t2) 
However a complication enters into our picture because ~(v,~,,~~~)~~//N(R~) is not a 
manifold and P~(R1)(~(vX2y212)SS) is neither P,(P(v,,,~,~)//N(R~)) nor IPl(lF’(vxzy2z2)// 
N(R, )). The remedy for this is first to blow up the orbits associated to R, = 
(diag(i.-2, i., i.)l i.c@*} and R, = {diag(i., i.-‘, !)I E.E C*}. Using the same procedure as 
before, we obtain the partial desingularization @‘,,//N(R,) of the variety ~(v~~,+~)//N(R~). 
Since p,,//N(R I) is a manifold of complex dimension 18, its Poincark polynomial can be 
determined by first writing down all the terms of degree less than 19, 
1 t18 t2 - t16 
pf(p20i’N(R1)) = (1 -t2)(! _t4)(1 _t6) 
-___ ___ 
(1 __t2) + (1 _t2)2 
(1 + t2)t2 t18 
+(&p)(&p)-(1 (modt’g)* 
and then by duality 
P,(P,,//N(R,)) = 1 +3t2+6t4+9t6+12f8+ 15t10+19r’2+22t14+25t16+26t18+25t20 
+ 22t2* + 19t24 + 1 5t26 + 12r2’ + 9t30 + 6tj2 + 3t34 + tJ6. (2) 
TO obtain the intersection PoincarC polynomial IP,(P,,//N(R,)), we apply the two 
blowing-down operations to @,,//N(R,). A straightforward but tedious computation 
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shows that the effect of these operations is to subtract from the above sum (2) the following 
term: 
2tZ+4t4+6f6+8r*-t lot”+ 12t”+ 14r”+ 16r16+ 18r1s 
+ 16t2’ + 14t2’ + 12t2” + 10~~~ + 8r28 + 6t3’ + 4t32 + 2t34 
and the end result is: 
1P,(P,,,‘/‘N(R,)) = 1 +t2+2t4+3t6+4te+5t10+7t12+8r14+9t16+9t18 
+ 9t2’ + 8t2’ + 7t24 + 5t26 + 4t28 + 3t30 + 2t32 + t34 + r36. 
The coefficients in the above formula can be modified according to formula 6.2(l). 
Therefore, after the last stage of blowing-down operation, we obtain the Poincart poly- 
nomial by subtracting the term 
r2 + P + 2P + 3r* + 4r1° + 5r12 + 7r14 + 8t16 + 9r1* 
+ 9t2’ + 8r2’ + 7r24 + 5r26 + 4r2* + 3r30 + 2r32 + r34 + t36 (3) 
Putting formula 6.3(l), 6.4(l) and (3) together, we have the intersection Poincark polynomial 
of the Shah compactification: 
1+2r2+3r4+5r6+6~8+8t10+10r12+12t14+13r16+15r18 
+ 15r2’ + 1 3r22 + 12r24 + 10r2‘j + 8r28 + 6r30 + 5t32 + 4r34 + 2r36 + t38. 
This proves Theorem (1.2). 
Remark (1). By considering one more blowing-down operation, this time for R = SO(~), 
we find that the intersection Betti numbers of the quotient X//G by the action of 
G = SL,(@) are given by the formula 
IP,(X//G) = 1 +r2+2t4+3r6+4r8+.5r10+7t12+8r14+9t16+ 10t18 
+ 10tZo + 9rz2 + 8r24 + 7t26 + _5t28 + 4r30 + 3t32 + 2t34 + t36 + r38 
Remark (2). It was observed by E. Looijenga in [12] that the Borel-Baily com- 
pactification of D/r, can be obtained by blowing-down the Shah compactification. This will 
be the first topic discussed in Part (II). 
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